We study the problem of portfolio optimization under the \drawdown constraint" that the wealth process never falls below a xed fraction of its maximum-to-date, and one strives to maximize the long-term growth rate of its expected utility. This problem was introduced and solved explicitly by Grossman and Zhou; we present an approach which simplies and extends their results.
Introduction and Summary
In a very interesting recent article, Grossman & Zhou (1993) consider the classical portfolio optimization problem of Merton (1971) under the \drawdown constraint" that the wealth process X () satisfy: X (t) > max 0st X (s); 80 t < 1 (1:1) almost surely. In other words, one admits only those portfolios () for which the corresponding wealth process X () never falls below 100% of its maximum-to-date, for some given constant 2 (0; 1). The objective is then to maximize the long-term growth rate R() : =lim T !1
1
T log E(X (T)) (1:2) of expected utility, for some power 2 (0; 1), over portfolio rules () that satisfy (1.1).
Using a mixture of analytical and probabilistic arguments, Grossman and Zhou provide an explicit solution to this problem, when investment i s b e t w een a bond and one stock (modeled by geometric Brownian motion with constant coecients). They show that the optimal portfoliô () always invests a constant proportion of the dierence X(t) max 0st X(t), 0 t < 1 , in the risky asset. Their insights are impressive, but the arguments are rather lengthy and detailed.
We present in this paper an approach to the above problem, which simplies the results of Grossman & Zhou (1993) { and extends them to the case of several stocks with general deterministic coecients. The model and the problem are introduced in sections 2 and 3, respectively. The approach is based on an auxiliary nite-horizon stochastic control problem, formulated in section 4 (Problem 4.1, Remark 4.2) in terms of the process N () in (4.1). This problem admits an explicit optimal portfolio(), which is independent of the time-horizon T 2 (0; 1) and can be found using \classical" martingale and duality arguments. It is then a relatively straightforward matter to show that this portfolio() is also optimal for the problem of maximizing (1.2); this is carried out in section 5. In section 6 we nd the optimal portfolio for the case of logarithmic utility function, and in section 7 we show that the same portfolio maximizes the long-term growth rate almost surely, not only in expectation. Moreover, this portfolio is optimal even if we allow random (adapted) market coecients.
The Model
Let us consider the following, by n o w standard, model of a nancial market M with one riskless asset (\bond", price P 0 (t) at time t) and a risky assets (\stocks"; prices P i (t) at time t, 1 i d ), modeled by the stochastic equations dP 0 (t) = P 0 (t)r(t)dt; P 0 (0) = 1 (2.1) by the equation The interpretation is this: the agent does not tolerate the \drawdown 1 tX t M t of his discounted wealth, from its maximum-to-date", to be greater than or equal to the constant 1 , at any time t 0; thus, he imposes the (almost sure) constraint (2.5). He invests a proportion i (t) of the dierence X (t) M t t > 0 i n t h e i th stock, i = 1 ; : : : ; d , and invests the remainder 1 Because the increasing process M () of (2.6) is at o the set ft 0=(t)X (t) = M ( t ) g , w e h a v e from (2.4), (2.3), (4.1): Clearly, the portfolio() of (4.16) is well-dened for all 0 t < 1 ; it belongs to A (x) o f Denition 2.1 for any x 2 (0; 1), by (2.8).
Solution of the Grossman-Zhou Problem
We shall assume in this section that Finally, the rst equality in (5.2), i.e., the existence of the indicated limit, follows from the double inequality (a consequence of (5.7), (5.9)) in conjunction with (5.5), by passing to the limit as T ! 1 and then letting " : 5.2 Remark: Formally setting = 0 in (4.16), we recover the well-known optimal portfoliô 0 (t)(t) = 0 t 1 for the investment problem without the constraint (2.5), with utility function U(x) = 1 x from wealth and deterministic coecients.
6 Maximizing Long-term Rate of Expected Logarithmic Utility
The methods of section 4-5 can also be used to show that the portfolio (A:6) It is straightforward to check thatX() satises (A.1), (A.2).
